Using a semiclassical approach that simultaneously incorporates the spin Hall effect (SHE), spin diffusion, quantum well states, and interface spin-orbit coupling (SOC), we address the interplay of these mechanisms as the origin of the in-plane current induced spin torque observed in the normal metal/ferromagnetic metal bilayer thin films. Focusing on the bilayers with a ferromagnet much thinner than its spin diffusion length, such as Pt/Co with ∼ 10nm thickness, our approach addresses simultaneously the two contributions to the spin torque, namely the spin-transfer torque (SHE-STT) due to SHE induced spin injection, and the spin-orbit torque (SOT) due to SOC induced spin accumulation. The SOC produces an effective magnetic field at the interface, hence it modifies the angular momentum conservation expected for the SHE-STT. The SHE induced spin voltage and the interface spin current are mutually dependent, hence are solved in a self-consistent manner. In addition, the spin transport mediated by the quantum well states may be responsible for the experimentally observed rapid variation of the spin torque with respect to the thickness of the ferromagnet.
I. INTRODUCTION
Ever since the spin-transfer torque (STT) was proposed for the current perpendicular to the plane (CPP) geometry of magnetic heterostructures [1, 2] , current induced spin torque has become a major topic in the spintronic research [3] [4] [5] [6] , as it demonstrates the feasibility of electrical control of magnetization dynamics. To improve the efficiency of magnetization switching, one often aims at reducing the volume or thickness of the magnetic component of the device, which generally enhances the quantum effect on the magnetization dynamics, especially when the thickness of the heterostructures is reduced to the nanometer range. One particularly promising system, owing to its simplicity in manufacturing, is the normal metal/ferromagnetic metal (NM/FMM) bilayer thin films, each layer of thickness of few nanometers, and the NM is a heavy metal such as Pt or Ta [7] [8] [9] [10] [11] . The intriguing feature discovered in these thin films is that, in contrast to the CPP configuration, a spin torque manifests itself in the current-in-plane (CIP) configuration, whose origin has been attributed to at least the following two mechanisms.
The first is the so-called spin-orbit torque (SOT) originally proposed for a two dimensional system subject to the inversion symmetry breaking in the out-of-plane direction, in which a Rashba spin-orbit coupling (SOC) is anticipated [12] [13] [14] [15] [16] [17] . An in-plane current induces a spin accumulation in these systems, which then exerts a torque on the magnetization due to the exchange coupling between the conduction electron spin and the magnetization. The interface between NM and FMM obviously breaks the inversion symmetry, hence the SOT is expected to manifest in the CIP configuration. The second mechanism comes from the spin Hall effect (SHE) in the NM [18] [19] [20] [21] , in which an in-plane charge current causes a spin current in the transverse direction, i.e., flowing out-of-plane but polarized in-plane. This spin current causes a spin injection into the FMM, resulting in a spin torque. This contribution to the spin torque is frequently called spin Hall effect spin-transfer torque (SHE-STT).
On top of these two mechanisms, the seemingly simple NM/FMM bilayer in reality hosts a number of complexly intertwined features, including anisotropic magnetoresistance (AMR) [22] , giant magnetoresistance (GMR)-like effects [23, 24] , spin diffusion [25] [26] [27] , quantum well states [28, 29] , anomalous Hall effect(AHE) [30] [31] [32] , Berry phase [20, 33] , anisotropy field, Oersted field, as well as more practical issues such as magnetic domains and spin dependent scattering. A unified theory that can take into account all these effects to explain the observed spin torque has yet been formulated, and may be too complicated to analyze. Thus attempts to formulate a theoretical description for the spin torque have been focusing on some of these mechanisms that are thought to be most relevant. Using different approaches, a dampinglike spin torque is attributed to the combined effect of interface SOC and spin relaxation [34, 35] or spin dependent scattering [36] . A semiclassical theory that combines the drift-diffusion approach with the Boltzmann equation has also been proposed [37] , from which the spatial profile of spin voltage under the influence of spin diffusion, SHE, and interface Rashba SOC are obtained. A first principle calculation concerning SOT and realistic band structures, without incorporating SHE, has also been performed [38] . The dependence of the spin torque on the magnetization direction [11, 39] has been attributed to the anisotropic spin relaxation rates [40] and the Berry phase effect [41] .
Here we present a semiclassical theory for the NM/FMM bilayer in the limit that the FMM is much thinner than its spin diffusion length. We consider this limit to be relevant to most experiments that use ferromagnetic materials whose bulk spin diffusion length far exceeds the film thickness, such as Co and Ni, but not applicable to materials with short spin diffusion length such as permalloy [42] . Our treatment incorporates four of the aforementioned intertwined mechanisms and the appropriate theoretical methods to describe them, namely the spin diffusion equation for the SHE and spin diffusion in the NM [25] [26] [27] , the quantum Boltzmann approach for the interface Rashba SOC [13, 17] , and the quantum tunneling theory for the SHE induced spin injection mediated by the quantum well state [27, 43, 44] . Our goal is not to quantify the spin torque for a specific set of bilayers, since we made several approximations to simplify our calculations, including the parabolic band and the sharp Rashba interface approximation. Rather, we aim at extracting quantitative statements for generic bilayers considering how each material parameter influences the SHE-STT part and the SOT part of the spin torque, which may help to engineer the spin torque for practical applications. We particularly focus on four of the system parameters, namely the FMM thickness l F M , NM thickness l N , exchange coupling J sd , and interface SOC α R k F , over which the experimentalist may have control in reality, and show how their interplay may explain a number of experimental observations, such as the rapid variation of the spin torque with respect to the FMM thickness [45] . Although we limit our discussion to a single domain FMM, the two parts of the spin torque are expected to contribute to the current induced domain wall motion observed in the NM/FMM bilayers where the FMM consists of multiple domains [46] [47] [48] , hence we also draw relevance to several phenomena therein, especially the dependence on the layer thickness.
The article is structured in the following manner. In Sec. II, we formulate a quantum tunneling theory for the interface spin current, which is then combined with the spin diffusion equation to self-consistently solve for the interface spin voltage and the interface spin current. The SHE-STT and the issue of angular momentum conservation are then addressed. The SOT is then calculated from the interface SOC, which joins the SHE-STT to give the total spin torque. Numerical results using realistic parameters are then presented. Sec. III gives a summary of the features revealed by our approach. We first present a semiclassical formalism that selfconsistently solves for the spin voltage µ x , spin current j x , and SHE-STT τ ST T . Our treatment is based on the assumption that the spin dynamics in the FMM is purely quantum since it is much thinner than its spin diffusion length λ ≫ l F M , and the spin dynamics in the NM is purely diffusive except near the interface where the spin (Color online) Schematics of the NM/FMM bilayer. The quantum tunneling theory adopts the coordinate (x, y, z) where out-of-plane direction isx, in contrast to the experimental coordinate (x ′ , y ′ , z ′ ) where outof-plane direction is denoted byẑ ′ . The FMM magnetization expressed in these coordinates is S = (S x , S y , S z ) = S(sin θ cos ϕ, sin θ sin ϕ, cos θ) and
Blue arrows indicate the spatial profile of SHE induced spin voltage µx in the NM under the influence of spin diffusion and interface spin current j0−. The spin voltage at the interface is denoted by µ0 = (µ voltage causes spin injection. We define the out-of-plane direction to bex and the direction of charge current to bê y [1, 27, 43, 44] , as shown in Fig. 1 , in contrast to the experimental convention of coordinates which are denoted by (x ′ , y ′ , z ′ ). Owing to the translational invariance in the yz-plane, the spin voltage and the spin current are only functions of out-of-plane coordinate x. To incorporate the translational invariance, we perform a separation of variables for the Hamiltonian and the wave function that describe the entire FMM and the NM near the interface
Within the parabolic band approximation, the Hamiltonian in thex direction is
where we approximate the spin voltage in the vincinity of the interface by its interface value µ x 0 ≈ µ 0 = |µ 0 |(cos ϕ µ sin θ µ , sin ϕ µ sin θ µ , cos θ µ ). The spin voltage splits the degeneracy of spin σ = {↑, ↓} quantized along µ 0 . The J sd is the exchange coupling between conduction electron spin and the magnetization S = S(cos ϕ sin θ, sin ϕ sin θ, cos θ), which is set to be negative J sd < 0 such that the conduction electron spin and the magnetization tend to be parallel. The α R term is the Rashba SOC assumed to be sharply confined at the interface [38] , and the δ-function that satisfies dxδ(x) = 1 is multiplied by Fermi wave length a to keep track of the dimension. The corresponding wave functions in the out-of-plane direction are
where the spinor of ψ N and ψ F are quantized along the interface spin voltage and the magnetization, respectively. Recent angle-resolved photoemission spectroscopy (ARPES) experiments in NM/FMM bilayers unambiguously demonstrate the existence of the exchange-split quantum well states [28, 29] , which is described by the oscillatory wave function ψ F in our formalism. The wave function outside of the FMM x > l F M , which is usually an oxide insulator or vacuum, is assumed to vanish for simplicity [27] . The spin voltage is caused by the nonequilibrium electrons that also have momentum k yŷ ≈ k Fŷ , since the charge current is flowing alongŷ direction. Thus the Rashba term reads
2 , the matching conditions at the interface become
which are used to solve the coefficients B ∼ E in terms of the incident amplitude A. The incoming flux is then identified with the interface spin voltage |A| 2 = N F |µ 0 |/a 3 , where N F is the density of states per a 3 . This identification bridges the quantum tunneling formalism above and the spin diffusion equation below.
The interface SOC renders an interesting consequence for the angular momentum conservation [2] . The spin current right before (x = 0−) and right after (x = 0+) the interface is, using Eq. (4),
That is, in the presence of interface SOC, the spin current is not conserved across the interface. Evidently, this is because the SOC effectively acts like a magnetic field at x = 0, hence changing the polarization of the injected spin current. On the other hand, one may calculate the spin accumulation at position x inside the FMM by σ x = ψ * F (x)σψ F (x), and then multiply by cross section unit and integrate along out-of-plane direction to get the total spin accumulation σ = a
dx σ x . The SHE-STT is then obtained via Landau-Lifshitz dynamics, and we find that
meaning that the SHE-STT is equal to the spin current right after the interface j 0+ but not before j 0− . This is a very peculiar feature of the CIP configuration with SHE induced out-of-plane spin injection, in contrast to the CPP configuration where angular momentum conservation is satisfied exactly at the interface [2] . This feature is not included in our previous treatments [27, 43, 44] . Comparing Eqs. (5) and (6), we see that interface SOC changes angular momentum transferred from the NM to FMM, thus engineering interface SOC may also influence the SHE-STT.
We proceed to review the spin diffusion approach that describes the spin voltage in the NM [25, 49] , and how the interface spin current modifies the landscape of the spin voltage [26] . The quantum tunneling theory in Eqs. (3) to (6) will be incorporated into this diffusive formalism later. The spin diffusion approach is based on the following properties of the NM: (1) The spin current in NM consists of both the spatial gradient of spin voltage and the bare SHE spin current j SH = θ SH σ c E/2e, i.e.,
where θ SH is spin Hall angle, σ c is the conductivity of NM, E = j c /σ c is the electric field in y direction, and −e is electron charge. (2) The spin voltage obeys the spin diffusion equation
where λ is the spin diffusion length, and hence have a general solution
(3) Spin current vanishes at the edge of NM, j −lN = 0, which serves as one boundary condition. (4) The spin current at the interface is described by the j 0− in Eq. (5), i.e., the spin current close to the interface on the NM side, which serves as another boundary condition. The selfconsistent solution satisfying (1)∼(4) gives the landscape of the spin voltage and the spin current [26] 
whereμ 0 = 2eλθ SH E tanh (l N /2λ) is the surface spin voltage when the NM is not attached to the FMM. Equations (7) ∼ (9) remain valid even in the presence of SOC, as they only rely on the assumptions (1) ∼ (4) which remain true even in the presence of SOC. Exactly at the interface, the spin voltage satisfies
so the interface spin voltage is determined by the interface spin current. On the other hand, from Eq. (3) we see that the interface spin voltage influences the incident momentum k 0σ and the incident flux |A| 2 = N F |µ 0 |/a 3 , and hence determines the interface spin current j 0− in Eq. (5). Thus, they are mutually dependent
which are to be solved self-consistently by iteration at a given set of parameters. After the solution is obtained, which typically converges within few hundred iterations, we put the resulting j 0− into Eq. (9) to obtain the spatial profile of µ x and j x in the NM, and use Eq. (5) to obtain j 0+ which then gives the SHE-STT according to Eq. (6). It is convenient to introduce a frequency scale
according to the typical values in Table I , and express the STT accordingly
The expression inside the bracket is usually of the order of unity. Thus the STT alone is in the range of GHz, consistent with that measured experimentally. We proceed to address the other component of the spin torque, namely the SOT [13, 14, 16, 17, 36, 38] . Under the assumption that the parity-breaking potential at the interface is extremely sharp [38] , we isolate the yz plane at x = 0 and consider the Hamiltonian
where
is the in-plane momentum. Equation (14) describes an interface simultaneously under the influence of interface Rashba SOC, exchange coupling, and the interface spin voltage since it is a parity breaking interface proximity to both the NM and the FMM. However, using the typical values for the parameters in Table I , the interface spin voltage is typically |µ 0 | ∼ 10 −5 eV, which is few orders of magnitude smaller than the SOC α R k F ∼ 0.01eV and the exchange coupling J sd ∼ 0.1eV, meaning that interface spin voltage is not crucial for the SOT. In the calculation below we ignore the µ 0 term in Eq. (14) for simplicity. This also means that SOT is not influenced by the self-consistent approach to SHE-STT in Sec. II A.
Our aim is to calculate the spin accumulation induced by an in-plane current flowing alongŷ direction using quantum Boltzmann equation. Assuming the relaxation time τ is the same for the two bands of the Hamiltonian, denoting f 0 k,± as the equilibrium Fermi distribution for the two bands, and E = Eŷ as the electric field associated with the charge current, the leading order distribution function is
from which one calculates the interface spin accumulation via the Boltzmann equation
where we denote the spin expectation value of the eigenstate as σ ± . In Appendix B, we provide a formalism that is convenient for numerically calculating δσ ± at any values of {α R k F , J sd }. The total spin accumulation is the sum of the contribution from each band δσ = δσ + + δσ − , which is multiplied by lattice unit area and δ(x)a due to Eq. (14) and then integrated along out-of-plane direction to get the total spin accumulation in the whole FMM film δσ = a 2 lF M 0− dx δσ δ(x)a = a 3 δσ . The SOT then follows from the Landau-Lifshitz dynamics
Since τ SOT comes from the interface SOC, it does not strongly depend on the FMM thickness. From Eq. (B6), we see that it is convenient to introduce a frequency scale
after using the typical values in Table I , and express SOT accordingly
where I is the dimensionless integral part of Eq. (B6) whose numerical value is typically ∼ O(1). Comparing Eqs. (12) and (18), one sees that STT and SOT have comparable magnitudes, and both are in the GHz regime, in accordance with that measured experimentally.
C. Numerical results
Following the experimental convention, we define the field-likeŜ×ẑ and damping-likeŜ×(Ŝ×ẑ) direction from z andŜ. Note that they are different from that defined from µ 0 andŜ [27, 43, 44] . The total spin torque, i.e., the sum of the SHE-STT discussed in Sec. II A and the SOT discussed in Sec. II B, is then projected into these two components
Below we discuss the numerical result of µ x and j x , as well as the dependence of τ f and τ d on various material parameters. Figure 2 shows the spatial profile of µ x and j x for several different system parameters, after substituting the µ 0 and j 0 solved self-consistently from Eq. (11) into Eq. (9) . On the FMM side, we convert the spin expectation value σ x into a spin voltage by µ x = a 3 σ x /N F such that the spatial profile of the spin voltage in the entire NM/FMM bilayer can be investigated. The local spin current is calculated from Eq. (5). The spin voltage µ x in the NM is a smooth function, a result of solving the spin diffusion equation [25, 26] , whereas in the FMM it shows clear feature of oscillation due to the quantum well state described by the ψ F in Eq. (3). The precise shape of µ x in the FMM is a combined effect of quantum interference of the spin transport [27, 43] and the self-consistency of Eq. (11), and varies significantly with l F and J sd , as can be seen by comparing plots with different parameters in Fig. 2 . The spin voltage is not continuous across the interface, a result of treating the NM as purely diffusive and the FMM as purely quantum. Rather, the conserved quantity is the spin current according to Eq. (5)) is taken into account. As expected, the bigger is the SOC, the more discontinuous is the spin current at the interface, as can be seen by comparing Fig. 2 (b) and (d) . , and ϕ = 0.3π. These parameters serve as the reference point for the following plots. In (c) and (d) the interface SOC is increased to αRkF /ǫF = 0.2, causing an obvious discontinuity of spin current at the interface as described by Eq. (5). In (e) and (f) the exchange coupling is increased to J sd /ǫF = −0.2, changing the pattern of spin voltage in the FMM due to quantum interference effect of the spin transport. In (g) and (h) the FMM thickness is reduced to lF M = 5a, showing that the spin voltage inside FMM is dramatically influenced by lF M , again due to the quantum interference effect. Figure 3 (a) and (b) shows the thickness dependence of τ f and τ d . As a function of the FMM thickness l F M , both components show a dramatic oscillatory dependence, again due to the spin transport mediated by the quantum well state, which seems to coincide with the experimentally observed rapid variation of the spin torque [45] at least in some reasonable parameter regime. The oscillatory behavior also sensitively depends on the exchange coupling J sd . Exceeding certain FMM thickness, the spin torque may change sign. As a function of NM thickness l N , both components increase smoothly in the regime l N ∼ λ, owing to the fact that the interface spin voltage µ 0 generally increases with l N in this regime, causing an increase in the spin injection and hence the spin torque. Note that the spin torque may change sign with increasing l N , which can be a possible mechanism for the reversed domain wall motion observed in Pt/Co/Pt trilayer [50] with changing Pt thickness (although the quantum interference effect in the trilayer Figure 3 .
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(Color online) Field-like and damping-like {τ f , τ d } component of the total spin torque versus parameters {lF M , lN , J sd , αRkF } at charge current jc ∼ 10 11 A/m 2 , in units of the characteristic frequency ω0 ∼ ω1 ∼ 10 GHz, or equivalently the corresponding magnetic fields {B f , B d } in units of ω0/µB ∼ ω1/µB ∼ 100mT. The torques versus lF M with fixed lN = 10a is shown in (a), and the torques versus lN with fixed lF M = 10a is shown in (b). The colors label the same parameters in these two plots. (c) and (d) show the torques versus exchange coupling J sd and interface SOC αRkF , respectively, with thickness NM fixed at lN = 10a. may be even more complicated). The above features all come from the SHE-STT part of the spin torque but not the SOT part, since in our sharp interface approximation the SOT is strictly confined to the interface and does not vary with either l N or l F M . The absolute magnitude of the spin torque at current density j c ∼ 10 11 A/m 2 , after converting to the effective field, is of the order of few tenth of ω 0 /µ B ∼100mT, close to that observed experimentally [7, 8, 11] .
The spin torque also shows clear modulation with the exchange coupling J sd , as can be seen in Fig. 3 (c) . The oscillatory behavior with respect to both l F M and J sd points to a simple physical picture for how the spin transport mediated by quantum well state yields the SHE-STT: The conduction electron spin injected from the NM precesses around the magnetization when it travels inside the FMM. The phase difference between the injected and the reflected spin yields the SHE-STT. The phase difference is determined by how fast the spin precesses (J sd / ) and how much distance it travels (l F M ), hence the oscillatory behavior with respect to both J sd and l F M . We remark that the SOT part also depends on J sd , since it enters the Boltzmann of calculating the spin accumulation, yet the dependence is rather smooth, so the rapid variations mainly come from the SHE-STT part. Our result indicates that, even in a clean FMM without other complications like domains or impurities, the quantum tunneling alone can already account for the rapid variation of the spin torque [45] . Without invoking other mechanisms such as spin relaxation [34, 35] or spin dependent scattering [36] , the SOT alone is predominantly field-like at any {J sd , α R k F }, thus the damping-like components in Fig. 3 (a) to (d) are almost entirely contributed from the SHE-STT.
Finally, we remark on the dependence of the spin torque on the direction of the magnetization. Fig. 4 shows τ f and τ d versus the angle (θ ′ , ϕ ′ ) defined in the experimental coordinate (see Fig. 1 ). We use (θ ′ , ϕ ′ ) such that comparison with experiments can be easily made [11, 39] . The torques are smallest when the magnetization points in-plane and perpendicular to the charge current, as indicated by the blue regions in Fig. 4 , and increases when the magnetization moves away from this direction. These results are, however, at odds with those revealed by experiments, which concluded that the torque is larger when the magnetization has more in-plane components [11, 39] . Based these results, we speculate that the mechanisms not taken into account by our treatment, such as the Berry phase effect [41] or anisotropic spin relaxation rate [40] , may be crucial to explain the angular dependence revealed by experiments.
III. CONCLUSIONS
In summary, using a semiclassical approach that simultaneously incorporates SHE, spin diffusion, quantum well state, and interface SOC, we address the in-plane current induced spin torque in NM/FMM bilayers. Treating the NM as purely diffusive and the FMM as purely quantum, as considered relevant to most of the experiments, the approach reveals the following intriguing features. Firstly, from the spin diffusion equation one sees that the spatial profile of SHE induced spin voltage is determined by the interface spin current [26] , yet the interface spin current in turn also depends on the spin voltage. Thus, the two have to be solved in a self-consistent manner. Secondly, once the interface spin current is determined, one may naively identify it with the SHE-STT according to the angular momentum conservation [2] . The interface SOC, however, yields an effective interface magnetic field that alters this direct identification, and the interface spin current is equal to the SHE-STT only after the contribution from SOC is subtracted.
Thirdly, assuming the Rashba SOC only exists in the interface atomic layer, the SOT is independent from the thickness of the NM and the FMM, and is not too much influenced by the interface spin voltage. On the other hand, owing to the quantum interference effect of the injected conduction electron, the SHE-STT strongly depends on and may change sign with the thickness of the NM and the FMM, possibly explaining the experimentally observed rapid variation of the spin torque [45] and the sign change of current induced domain wall motion [50] with respect to the layer thickness. Finally, using the parameters relevant to realistic thin films, the SHE-STT and SOT are revealed to be of the same order of magnitude (∼GHz), comparable to that unveiled by experiments. Besides helping to understand the role of these complicated intertwined ingredients, we anticipate that our approach can help to guide the engineering of the spin torque, whether one aims at changing the magnitude of the spin torque or the relative weighting between its damping-like and field-like components.
IV. ACKNOWLEDGEMENT
We thank exclusively P. Gambardella for the constant input of experimental results, and suggestions leading to refinement of our models. M. S. and W. C. acknowledge financial support from a grant of the Swiss National Science Foundation Appendix A: Tunneling amplitudes Upon matching the boundary conditions in Eq. (4), and use the short-hand notation 
where {α, γ} = {+, −} and σ = {↑, ↓}, the scattering coefficients are
The calculation of spin expectation values and the spin current are then straight forward as described in Sec. II A. 
and hence the eigenvalues
Defining the planar coordinate r = (0, y, z), the eigenstates are ψ I± (y, z) = e 
we can evaluate the integral at any {α R k F , J sd , θ, ϕ} by explicitly calculating δσ ± = e 4π 2 a τ E √ 2m q dq dξ × q cos ξ 2 ± q 
For all the simulation presented in Sec. II C, we fix the temperature at k B T /ǫ F = 0.02. For any {α R k F , J sd }, δσ ± is even under the inversion of magnetization S → −S, in agreement with several analytical limits reported previously [17, 51] . This can be seen by noting that the integral of Eq. (B6) is invariant under {S x , S y , S z } → {−S x , −S y , −S z } and a shift in the angular argument ξ → π + ξ.
